We consider the problem of acoustic propagation and scattering in inhomogeneous waveguide governed by the Helmholtz equation. We focus on an ideal, cylindrically symmetric ocean waveguide, limited above by an acoustically soft boundary modelling the free surface, and below by a hard boundary modelling the impenetrable seabed with general bottom topography. The wave field is excited by a monochromatic point source, and thus, the present solution is equivalent to the construction of the Green's function in the inhomogeneous domain. An improved coupled-mode method is developed, based on an enhanced local-mode series for the representation of the acoustic field, which includes an additional mode accounting for the effects of the bottom slope and curvature. The additional mode provides an implicit summation of the slowly convergent part of the series, rendering the remaining part to converge much faster, pemitting truncation of the modal expansions keeping only a few evanescent terms. Using the enhanced representation, in conjunction with an appropriate variational principle, a system of coupled-mode equations on the horizontal plane is derived for the determination of the complex modal-amplitude functions. Numerical results are presented including comparisons with analytical solutions illustrating the role and significance of the additional mode and the efficiency of the present coupled-mode tmodel, which can be naturally extended to treat propagation and scattering problems in three-dimensional, multi-layered ocean acoustic waveguides.
INTRODUCTION
Acoustic propagation in an inhomogeneous waveguide is an interesting mathematical problem finding important applications, as, e.g., underwater acoustic propagation and scattering in shallow water environment and seismoacoustics [1, 2] , atmospheric acoustics [3] and other. Similar problems governed by the Helmholtz equation are also encountered in variable crosssection electromagnetic waveguides [4] . In particular, the problem of underwater acoustic propagation is very important for a variety of applications concerning monitoring, exploration and exploitation of ocean environment, underwater communication and other. Several methods for treating this, generally nonseparable, boundary value problem have been proposed, ranging from fully numerical, finite element and finite difference methods, to semi-analytical ones, like wavenumber integration, boundary integral equation and coupled-mode techniques, as well as various asymptotic models, like ray theory and parabolic approximations; see e.g., [1, 2, 5] . Fully numerical methods, are computationally intense and thus, their use is more appropriate for short-range/low-frequency propagation and local scattering problems. These methods have been proved very useful, in the case of general ocean-acoustic propagation problems, for providing benchmark solutions. Boundary element methods are suitable in the case of a homogeneous medium (see, e.g., [6] ), but they become less practical in the presence of inhomogeneities, due to the difficulties associated with the calculation of the Green's function.
In environments with steep boundary/interface slopes and/or media with variable index of refraction the method of coupled modes [7, 8] has been developed to treat the problem, by subdividing the waveguide into a finite number of adjacent columns of different depth where the speed of sound exhibits vertical variation. The wave field is represented as a normalmode series based on vertical eigenfunctions and the coefficients are obtained by matching the expansions on the inter-element vertical interfaces. The main feature of this model is the full coupling between the modes and the accurate representation of the backscattering effect. However, the approximation of continuous distributions of acoustic parameters by horizontally piecewise constant functions may require a large number of steps, in order that the horizontal stair-step size to be small Proceedings of the ASME 2014 33rd International Conference on Ocean, Offshore and Arctic Engineering OMAE2014 June 8-13, 2014, San Francisco, California, USA
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enough for avoiding strong numerical backscattering, [9] . Also, the stepwise approximation of the bottom renders the numerical solution procedure cumbersome in the case of a continuously varying bottom boundary. An efficient and numerically stable solution has been recently presented by Luo et al [10] , by combining a forward and backward marching technique. Another approach for treating the nonhomogeneous waveguide in the context of coupled-mode theory is based on local mode expansions, [1, 11] . In this case, the local-mode series may exhibit slow convergence, as illustrated in Ref. [12] , where the expansion has been derived analytically in the case of a two dimensional wedge problem, showing that it consists of a slowly convergent part with terms of order ( ) 2 O n − and another, fast convergent part with terms of order ( ) 4 O n − , where n denotes the mode index.
In the present work, an improved coupled-mode system is developed for modeling acoustic propagation and scattering in non uniform waveguides, governed by the Helmholtz equation. We consider a cylindrically symmetric, rangedependent waveguide containing fluid, characterized by a general, continuous sound speed profile presenting both horizontal and vertical variability. The layer is confined between a pressure-release (top) surface and a perfectly rigid (bottom) boundary of irregular shape; see Fig. 1 . The wave field is excited by a point acoustic source, and thus, our development is equivalent to the construction of the Green's function. Our method is based on an enhanced local-mode series, which includes an additional mode enabling the consistent satisfaction of the boundary condition on the nonhorizontal parts of the bottom and ensures energy conservation in the case of a lossless acoustic waveguide. The improved coupled-mode system is derived by means of an appropriate variational principle and is shown to be fully equivalent to the boundary value problem. We note here that the concept of the additional mode has been first introduced and studied by the authors in the context of small-amplitude water waves propagating over variable bathymetry regions [13, 14, 15] . This approach has been extended to non-linear water waves [16, 17] and hydrodynamic interaction problems with floating rigid and elastic bodies [18, 19] .
The present paper is structured as follows: In Section 2 the studied problem is formulated as a transmission problem, using decomposition of the acoustic domain into three subdomains: (i) a bounded, range-independent subdomain in the vicinity of the source, (ii) the range-dependent subdomain which includes the bottom irregularity, and (iii) the unbounded, range-independent subdomain extended to infinity. The acoustic field in the two range-independent regions (near field and far field) is represented by the usual normal-mode series. Then, an equivalent variational formulation of the transmission problem is formulated in the intermediate bounded subdomain. In Sec. 3, the enhanced local-mode series is constructed for the representation of the pressure field in the middle subdomain, which includes an additional mode accounting for the effects of the bottom slope. For the enhanced series it is shown that the rate of decay is ( ) Using the enhanced representation, in conjunction with the variational principle, the system coupled-mode equations on the horizontal plane is derived in Sec. 4, for the determination of the complex modal-amplitude functions. The present system contains an additional equation associated with the sloping-bottom mode and coupling terms with all other modes. Also, appropriate end-conditions are derived, ensuring the complete matching of the acoustic field on the vertical interfaces separating the three subdomains. Numerical examples are presented and discussed in Sec. 5. Finally, the main conclusions and directions for further study are provided in Sec. 6.
FORMULATION OF THE PROBLEM
A cylindrical co-ordinate system ( ) 
where a prime denotes differentiation of a quantity with respect to the (single) argument. The above problem can be reformulated as a transmission problem in the bounded subdomain 
( )
where
. We recall here that each of the set 
Variational formulation
Given the domain 
p r z r z D ∈ is defined to be:
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where dS and dV denote the elements of the boundary surface and of the volume, respectively. The independent arguments of functional F (the degrees of freedom) are, as indicated in the left-hand side of the Eq. (8) 
By calculating the first variation F δ of the functional (8), and using Green's theorem, the variational equation (9) takes the form
Using standard arguments of calculus of variations [20, 21] , in conjunction with the completeness of the sets
, we obtain that Eq. (10) is equivalent to the transmission problem, Eqs.(6).
The usefulness of the above variational principle hinges on the fact that it gives us the freedom to choose any particular representation for the unknown acoustic field In this way, a variety of possible algorithms for the numerical solution of the problem can be constructed. One possible choice is based on local-mode series and will be presented in the next section.
ENHANCED LOCAL-MODE REPRESENTATION
From now on the pressure field 
; ; ; 0, 0 ,
, are the corresponding eigenvalues. The convergence properties of the series (11) (11), satisfies identically the pressure-release boundary condition (6b), because of property (12b) of the local vertical eigenfunctions. Secondly, the series (11) cannot, in general, be differentiated term-by-term, a fact that has been emphasized also in Ref. [12] . Besides, for any truncated version of (11), the approximate field 
satisfies the condition
which is incompatible with the bottom boundary condition (6c), when 
where p denotes the complex conjugate of the acoustic pressure and ρ is the medium density, which is assumed to be constant. From Eq. (16) . In the present paper we propose a simple extension of the SR (11) in order to overcome this deficiency. As explained in the introduction, the idea is to introduce a specific field element ( ) 
however, other choices are also possible. Condition (21a) implies that both ( ) 
The function ( ) ,0 R P r can be interpreted as an additional degree of freedom, accounting for the non-homogeneity in the vertical derivative caused by the sloping bottom. However, Eq. (20b) cannot be used for the direct calculation of 
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The additional term 
Convergence of the enhanced modal expansion
To illustrate the role and significance of the extra slopingbottom mode in the ER, let us consider here the twodimensional problem concerning a wedge of angle α , filled by a homogeneous ideal fluid. In this case, x denotes the horizontal distance measured from the edge, and z is the vertical coordinate (positive upwards). The depth function is then ( ) 
In this case, the SR and ER are defined by formulas similar to Eqs. (11) and (24) respectively. The convergence of SR series has been studied in [11] , where the amplitudes associated with each wedge mode ( ) , p x z ν are shown to be: (24), and will be illustrated below for the wedge problem.
As an example we consider the second wedge mode for a 45 0 -wedge ( ℓ =1 and / 4 α π = in Eq. 25), for frequency f=15Hz, and sound speed c=1500m/sec ( Z z r . This result also has a significant effect on the solution scheme, since the number of modes required by the truncated SR-series to produce numerically convergent results is much larger than the one required by the truncated ERseries. For example, as it can be seen in Fig.3 , for obtaining an error (controlled by the amplitude of the local modes) ε=0.001, a number of 70 modes has to be retained in SR, while using ER reduces this requirement to only 20 modes. (Let it be noted that in the local depth of x =300m the number of propagating modes is 6). This fact also enables the application of the present ER model to much higher frequencies and larger range-dependent domains than the standard model based on SR. The thin solid lines also plotted in Fig.3 as ER2 , represent the ER-amplitudes, which was obtained using 
THE COUPLED MODE SYSTEM (CMS)
Let us reconsider the variational principle, Eq. (9) or Eq. (10), assuming that ( ) ( )
is represented by means of the ER series, Eq. (24) . In this way, the functional
, given by Eq. (8), is transformed to an equivalent one of the form
where, from now on, for simplicity of the presentation, we use the symbol ( ) n P r , instead of ( ) , R n P r , to denote the modal amplitudes of the ER series.
Thus, the degrees of freedom of the system associated with the admissible wave potential ( ) 
Derivation of the coupled-mode system
In order to derive the coupled-mode equations, we first assume that all the variations except (24),
we obtain the following system of second-order differential equations on the horizontal plane (CMS): 
where the coefficients , ,
Also, from the solution of the above system, the coefficients ,
Remarks
(i) Despite of the coupling between the differential equations (60), the boundary conditions (47) 
NUMERICAL RESULTS AND DISCUSSION
In this section, the discrete scheme for the numerical solution of the CMS is introduced, and numerical results are presented for upslope environments in shallow water. Comparisons of results obtained by using the present improved method based on ER, vs. the ones obtained by using SR, are presented and discussed. By truncating the ER local-mode series to a finite number N of terms (modes), and retaining the sloping-bottom mode, the propagating modes and a number of evanescent modes, the following approximation of the acoustic wave field is obtained 
The discrete system is obtained by using central, secondorder finite differences to approximate the derivatives of the unknown modal-amplitude functions (32) by using second-order forward and backward differences to approximate rderivatives. Thus, the discrete scheme is uniformly of second order in the horizontal direction. On the basis of the above considerations, the present system of differential equations is finally reduced to a linear algebraic system. The coefficient matrix of the system is block structured, with three-diagonal subblocks, and has a total dimension ( ) ( ) 
A steep smooth upslope
In order to examine the effects of steep bathymetry on the numerical solution, we consider a smooth but steep underwater shoal, with maximum bottom slope 120% and mean bottom slope 25%. A sketch of this bottom profile is shown in Fig. 5 . The pulsating source is located at r=0, at depth 0 25m z = − , and its frequency is 50 f = Hz. The sound speed of the environment is taken to be constant 1500 c = m/s (corresponding to seawater). In this case, the number of propagating modes in the deep and the shallow water regions is 7 and 3, respectively. Also, in the examined case, in 
Linear bottom profile
Next, the case of a linear upslope isovelocity environment is considered with bottom slope α =3deg, as shown in Fig.7 .
The acoustic field is excited from a point source of frequecy f=25Hz, located at depth 100m. The sound speed is 1500 c = m/s and again, the number of propagating modes at the deep region is 7. The calculated acoustic field in the domain by the present CMS, using a total number of 15 modes and N=750 horizontal segments, is shown in Fig.7(a) . In particular, the transmission loss (TL in dB) is plotted with referece to the modulus of the fiels at 1m from the point source 
In this case, due to the small horizontal extent of the upslope environment, the effect of geometrical spreading is small, and for indication purposes (at some distance away from the source) we may use the analytical solution of the acoustic field generated by the same point source in the case of a Cartesian wedge, bounded above by a Dirichlet and below by a Neumann boundary, as derived by Buckingham [24] ; see also Qin et al [25] . The latter solution for the same source depth and frequency is illustrated in Fig.7(b) . Furthermore, the calculated TL distribution over the horizontal range, at the level of source depth (indicated by using dashed lines in Fig.7 ), is comparatively plotted in Fig.8 . Thick solid line is used for the present CMS solution corresponding to the acoustic field in the cylindrical environment bounded below by the linear sloping bottom, and is compared against the analytical solution in the Cartesian wedge characterized by the same depth profile, shown by using dotted line in Fig.8 .
CONCLUSIONS
In this work, an enhanced local-mode representation of the acoustic field in range dependent environments (with variable bathymetry) is introduced, which includes, except of the local propagating and evanescent modes, an additional term, the sloping-bottom mode, effectively present only in the subregions of variable bathymetry. Using this representation, in conjunction with a variational principle, an improved system of horizontal coupled-mode equations is derived for the modal amplitudes, which produces a rapidly convergent series solution, consistent with the bottom boundary condition and the conservation of energy. The key feature of the present method is the introduction of the additional sloping-bottom mode, which provides an implicit summation of the slowly convergent, ( ) (ii) It provides highquality information concerning the acoustic pressure and velocity up to and including the bottom boundary. (iii) It is naturally reduced to simplified models as the standard coupled-mode model or the adiabatic approximation, in subareas where the physical conditions permit such a simplification. In this sense, the present method shares characteristics of both a top-down approach, ensuring completeness and consistency, and a down-top approach, letting the user to go back up to a very simple uncoupled model, saving a lot of computational burden. Finally, the present theory can be extended to treat acoustic propagation and scattering problems in 3D multi-layered waveguides. First results in this direction have been presented in Athanassoulis et al [33] .
